A high-Tc cuprate superconductor HgBa2CuO 4+δ is studied by solving an ab initio low-energy effective Hamiltonian. We obtain the ground-state phase diagram which reproduces experiments including superconducting phase extended in a wide range of hole density δ and its competition with a period-4 charge ordered state near δ ∼ 0.1 as is observed by recent X-ray scattering measurements. Crucial role of off-site interactions on the amplitude and stability of the superconductivity is revealed. Furthermore, we find that the enhancement of superconductivity is well correlated with that of charge fluctuations rather than spin fluctuations.
A high-Tc cuprate superconductor HgBa2CuO 4+δ is studied by solving an ab initio low-energy effective Hamiltonian. We obtain the ground-state phase diagram which reproduces experiments including superconducting phase extended in a wide range of hole density δ and its competition with a period-4 charge ordered state near δ ∼ 0.1 as is observed by recent X-ray scattering measurements. Crucial role of off-site interactions on the amplitude and stability of the superconductivity is revealed. Furthermore, we find that the enhancement of superconductivity is well correlated with that of charge fluctuations rather than spin fluctuations. Introduction.
-Since the discovery of high-T c cuprates, many experiments have been performed to unveil its mechanism and revealed their rich and complex physics. Especially in the underdoped region, unconventional phenomena such as pseudogap [1, 2] , nematicity [3] [4] [5] and stripe order [6] were observed and they are still intensively studied both experimentally and theoretically. Owing to the recent advancement of the scanning tunneling microscope (STM), nuclear magnetic resonance (NMR) and X-ray scattering experiments, charge orders (spatial inhomogeneity) have been widely observed in the underdoped region of several families of high-T c cuprates, establishing their presence as a universal feature [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Full theoretical understanding of the complex physics in high-T c cuprates has been hampered for long years partly due to the difficulty in solving the relevant microscopic many-body Hamiltonian accurately. However, recent progress in accurate numerical methods has opened possibility to reach conclusive results. The carrier doped Hubbard model on square lattice, which has been considered as one of the simplest toy models for cuprates, is solved by several different numerical methods; its ground state has consistently shown charge inhomogeneous state such as charge and spin stripe state, severely competing with d-wave superconductivity in a wide range of doping concentration [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . However, neither the wavelength of the spin/charge order nor the region of the homogeneous superconducting ground state are quantitatively consistent with those observed in experiments [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . This shows that the simple Hubbard model is insufficient to predict and quantitatively understand the physics of real materials. Therefore, accurate firstprinciples studies of the microscopic Hamiltonian without adjustable parameters are desired.
In this paper, we study an ab initio low-energy effective Hamiltonian derived for the high-T c cuprate HgBa 2 CuO 4+δ [30, 31] by using a many-variable variational Monte Carlo (mVMC) method [32, 33] and its extension by combining with the fat-tree tensor network [26] and/or the power Lanczos method [34] together with variance extrapolations of energies. We found that the quantitative evaluation of the off-site interactions is necessary for reproducing the experimental results. We also show the connection between the enhancement of superconductivity and that of uniform charge susceptibility.
Ab initio effective Hamiltonians. -In a previous work, Hirayama and three of the present authors derived low-energy effective Hamiltonians for HgBa 2 CuO 4 and La 2 CuO 4 from first principles [30] . More specifically, we derived three variations: 1) single-band Hamiltonians for the antibonding orbital generated from hybridized Cu 3d x 2 −y 2 and O 2p σ orbitals, 2) two-band Hamiltonians which also include the band of the Cu 3d 3z 2 −r 2 orbital hybridized with the apex oxygen p z orbital, and 3) three-band Hamiltonian consisting of the Cu 3d x 2 −y 2 orbital and two O 2p σ orbitals. In this derivation, we employed the constrained GW calculations supplemented by the self-interaction correction (cGW-SIC) to remove the double counting of the exchange correlations [35, 36] .
In the present study, we solve an effective Hamiltonian further improved by incorporating the self-consistent feedback between orbital occupation in the low-energy and high-energy degrees of freedom [31] , which has been studied before [37] . When the effective cGW Hamiltonian obtained in Ref. [30] is solved literally, the obtained low-energy orbital occupation may differ from the GW charge distribution. However, the electrons contained in large number of bands outside of the effective Hamiltonian imposes strong (Hartree) potential, which generates the constraint on density rather than on chemical potential for the electrons in the low-energy degrees of freedom. Therefore, each orbital filling should be preserved when one solves the effective Hamiltonian [38] .
More specifically, we included the feedback effect on the original GW bands by tuning the chemical potential difference ∆ dp between d and p orbital bands such that n
is the orbital filling in the original GW bands, and n VMC ν is the filling obtained after solving the effective Hamiltonian which was rederived from the modified bands. Based on these self-consistent GW bands with the level renormalization feedback (LRFB), we also rederive the two-or single-band effective Hamiltonians. We hereafter treat the single-band effective Hamiltonian of HgBa 2 CuO 4 . For La 2 CuO 4 , the Cu 3d 3z 2 −r 2 orbital is strongly hybridized with the Cu 3d x 2 −y 2 orbital and thus at least the two-band Hamiltonian will be required, which we will leave for the future work.
The ab initio single-band effective Hamiltonian for the target antibonding orbital takes the form of
In the present study, we consider the two dimensional CuO 2 plane with i, j indicating unit cell indices, where the maximally localized Wannier function is constructed [39, 40] . c † iσ (c iσ ) is the creation (annihilation) operator of electrons with spin σ (=↑ or ↓) at the i-th Wannier orbital, and the number operator is n i = σ n iσ with n iσ = c † iσ c iσ . t ij is the hopping parameters depending on the relative coordinate vector r i − r j , where r i is the position vector of the i-th unit cell. U and V ij are the screened on-site and off-site Coulomb interactions respectively, which were obtained by the cGW-SIC method [30, 31] beyond the constrained random phase approximation [41] . The derived ab initio values are listed in Table I . The main consequence of the feedback effect is the reduction of the screened Coulomb interaction [31] . For instance, the ratio of the on-site repulsion to the nearest-neighbor hopping U/t 1 is reduced from 9.55 to 7.56. The derived screened Coulomb interaction still decays as ∼ 1/r because the metallic screening is excluded in the derivation of the ab initio lowenergy effective Hamiltonian. Therefore, we employ the Ewald summation method to treat its long-range part accurately [42] . On the other hand, the hopping parameters are short-ranged and it is enough to include them up to the third-nearest-neighbor hopping. We note that the off-diagonal interaction parameters other than the density-density interactions are small, and thus can be ignored. In this work, we analyze the above Hamiltonian on square lattices with N = L × L sites (see Table I ).
When hole carriers are doped into the Mott insulator at half filling n = iσ n iσ /N = 1, several different states are severely competing, and therefore highly accurate wavefunctions are required to determine the ground states. To accomplish it, we employ the fat-tree tensor network, and the power Lanczos method combined with the VMC method [26] . For the VMC part, we use the mVMC package [33] . We further performed extrapolations of energies to the zero variance limit [43] [44] [45] . The details are described in the Supplemental Material [46] . Homogeneous states. -We first study charge homogeneous states. Here, we assumed the 2×2 sublattice structure for our variational wave function [33] . The measured physical quantities are the spin structure factor S s (q) =
3N
i,j S i · S j e iq·(ri−rj ) and the simple average of the d-wave superconducting correlation function over the long-range part:
2 and M is the number of vectors satisfying
In Fig. 1 (a), we plot S s (π, π)/N and P d as functions of the doping concentration δ = 1 − n at L = 30. Here, we find two phases: antiferromagnetic (AF) phase for δ 0.1 and superconducting (SC) phase for δ 0.1. The size-dependence is shown for P d (r) of the SC state at δ ≃ 0.167 in Fig. 1 (b) . Around δ ≃ 0.1, the physical quantities in Fig. 1 (a) sharply change, which is indicative of a first-order transition. However, in the presence of long-range Coulomb interactions, a macroscopic phase separation is forbidden, and instead, it should be replaced by other phases such as stripes or mesoscopic mixture of two competing phases (micro-emulsions) [47] [48] [49] . Indeed, we will show that a stripe state intervenes in this region in the subsequent paragraphs.
The ground-state phase diagram shown in Fig. 1 (a) supports that the d-wave superconducting state is the ground state in an extended region of doping concentration in agreement with the experimental phase diagram. Our results show that the SC state is interaction-energy driven, which is consistent with the previous studies on the SC state for the simple Hubbard model in similar regions of δ and U/t 1 [22, 50, 51] . The interaction energy gain comparable to the kinetic energy loss looks largely concentrated in the large |q| region, while consistent with the ellipsometer measurement at small |q| [52] (See the Supplemental Material Sec.III [46] ).
We remark that the energy of the SC state is also severely competing with the paramagnetic normal metal, in contrast to more stable SC state found in the Hubbard model [22] . The interpolation between the ab initio effective Hamiltonian and the Hubbard model in the strong coupling region reveals that the stable SC states in the Hubbard limit, which is well separated from the non-SC excited state, is adiabatically connected to the SC in the ab initio limit, which is highly degenerate with the normal metal within the accuracy of the present method (our errors of energies after variance extrapolation [43] [44] [45] are typically 1-2 meV). (For instance, see Fig. S1 and Fig. S9 in the Supplemental Material [46] .) These nearly degenerate states are consistent with experiments since the experimentally estimated condensation energy is as small as 0.1 meV [53, 54] , which is beyond any available numerical method including the present numerical accuracy (∼ 1 − 2 meV). Inhomogeneous states. -We next consider inhomogeneous states. To describe states with long-period structures such as stripe states, we employ larger the sublattice sizes imposed on the pair-product part of the variational wave function. In Fig. 2 (a) , we present physical quantities of stripe states which are found to be competing with homogeneous states. Here, the charge structure factor S c (q) = 1 N i,j n i n j e iq·(ri−rj ) is plotted as well as S s (q). The wave vector q at the peak of the structure factors is described as q SDW or q CDW . "Cl c Sl s " represents charge/spin stripes with the period of l c /l s in one direction parallel to the nearest neighbor Cu-Cu bond, whereas in the vertical direction, there are only antiferromagnetic spin modulations with the wavelength of 2 unit cells. The real-space spin/charge configurations are shown for its unit cell of symmetry broken state in the Supplemental Material, Sec.V [46] . Since the energies of stripes with l c ≥ 6 are higher than those with l c ≤ 5, we do not include them here. The structure factors divided by the system size show that the spin orders are monotonically decreasing as δ increases, whereas the charge orders have dome structures [28] . The size dependence is shown in the Supplemental Material, Sec.V [46] , where substantially small P d is also plotted. To clarify the energy differences between the stripe states and the homogeneous states, we show the energies of stripe states relative to the homogeneous states in Fig.  2 (b) . Experimentally, the wave vectors of charge orders observed in the underdoped region of hole-doped high-T c cuprates are q ∼ 0.15 − 0.35 r.l.u. (reciprocal lattice unit) in the a-axis [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In our results, the stripes with l c = 3 − 5 corresponding to wave vectors q ∼ 0.1 − 0.33 r.l.u. are competing with homogeneous states in the underdoped region δ < 0.15. This should be contrasted with the results for the simple Hubbard model [27, 28] and shows the importance of an ab initio evaluation of parameters to describe the competition in real materials. For HgBa 2 CuO 4+δ , recent X-ray scattering experiments observed charge orders with q ≃ 0.23 for δ ≃ 0.12 [15] and q ≃ 0.28 for δ ≃ 0.09 [14] . In our results of Fig. 2 (b), the stripe with l c = 4 (q = 0.25) is particularly competitive for δ ∼ 0.1, which is close to the experimental observations. Our extrapolation of the charge orders indicates that they have small but nonzero values in the thermodynamic limit (see Fig. S8 in the Supplemental Material [46] , whereas the experimentally observed charge orders are short-ranged, probably due to the effect of disorders.
Effects of off-site screened Coulomb interactions. -In the previous study on the Hubbard model, it has been shown that the nearest-neighbor interaction works destructively for d-wave superconductivity [22] . However, the off-site Coulomb interactions are often neglected or only the nearest-neighbor interaction is considered. To clarify the role of the realistic off-site interactions, we have studied the interaction-range dependence of P d (r) by switching off specific long-ranged parts of V ij from the ab initio value as shown in Fig. 3 . It indicates that V 1 and V 3 have particularly strong effects on the superconductivity. Both works in the directions along the Cu-O-Cu bonds. The destruction by V 1 is consistent with the previous result. The partial recovery by including V 3 can be ascribed to the competition with V 1 . Eventually, the full ab initio interactions reduce the superconducting long-range order from the case with U only by nearly one order of magnitude. Another important effect is observed in the energy competition between the SC state and stripe states. Without the off-site Coulomb interactions, we found that they are almost degenerate (See the Supplemental Material, Sec.VI [46] ). Therefore, the offsite Coulomb interactions play the role of energetically stabilizing the SC state against stripe states. Connection between charge fluctuations and superconductivity. -In the previous studies, the tight connection between the enhancement of superconductivity and that of charge fluctuations was observed in the simple Hubbard model [22] and an ab initio effective Hamiltonian of electron-doped LaFeAsO [55] . To examine the relevance of charge and spin fluctuations in the case of realistic Hg-based cuprates, we introduce a single parameter λ V which rescales all the off-site Coulomb interactions V uniformly and thus enables us to control the superconductivity. More precisely, we consider the Hamiltonian where the off-site Coulomb interaction terms H V is replaced by λ V H V . In Fig. 4, we show P d , S s (π, π) , and the uniform charge susceptibility χ c as functions of λ V at L = 30 and δ ≃ 0.167. Here, χ c is defined by d n /dµ (µ is the chemical potential) and it was obtained from the calculated µ−δ curves (See the Supplemental Material, Sec.VII [46] ). As seen in this figure, the enhancement of P d is accompanied by that of χ c rather than S s (π, π) (spin correlation). This shows that charge fluctuations or the resulting effective attraction between carriers is crucial for the enhancement of superconductivity, whereas it also causes the competing inhomogeneity (stripes). It was suggested that the charge inhomogeneity can be avoided by the dynamical stabilization of superconductivity by laser irradiation [56] . . Here, we included the off-site Coulomb interactions up to the 4th neighbor one (V4), because the Ewald summation method or fully long-ranged interactions involve the subtraction of the q = 0 term in the total energy E, which affects the curvature of E/N -δ curves and hence χc.
Summary. -We have studied superconductivity and inhomogeneity in HgBa 2 CuO 4+δ by solving an ab initio low-energy effective Hamiltonian with an accurate numerical method. In contrast to the simple Hubbard model, the wavelength of the charge order which competes with homogeneous states in the underdoped region is consistent with the experiments. Furthermore, we found that the off-site Coulomb interactions strongly affect the amplitude and stability of superconductivity. These show that ab initio parameters are necessary to describe physics of high-T c cuprates quantitatively. By controlling the off-site Coulomb interactions, the tight connection between charge fluctuations and superconductivity is also demonstrated. For deeper and more precise understanding of their physics, studies on the dynamical properties, finite temperature properties and electron-phonon couplings [57, 58] are desired in future studies.
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I. NUMERICAL METHOD
In our simulations, we used the many-variable variational Monte Carlo method [22, 32, 33] . Our variational wave function takes the following form:
Here,
are the Gutzwiller [61] , the long-range Jastrow correlation factors [62, 63] , and the doublon-holon correlation factor [64] , respectively. ξ i(m) is the diagonal operator in the real-space representations which takes 1 when a doublon (holon) exists at the ith site and m holons (doublons) exist at the lth nearest neighbor. Otherwise, it takes 0. α's are the coefficients which should be optimized.
In practice, we impose the translational symmetry on them. |φ pair is the generalized pairing wave function defined by
|0 , where f iσ,jσ ′ are variational parameters and N e is the total number of electrons. We usually consider the case of σ =↑ and σ ′ =↓. This can be regarded as a generalization of the Hartree-Fock-Bogoliubov type wave function with AF/CO and SC orders [32, 65] and thus flexibly describes these states as well as paramagnetic metals. In order to reduce the number of independent variational parameters, we assume that f ij have a sublattice structure such that f ij depend on the relative vector r i − r j and a sublattice index of the site j which we denote as η(j). Thus, we can rewrite it as f η(j) (r i − r j ). In the present study on the homogeneous states, we assumed a 2 × 2 sublattice structure. In this case, the number of independent f ij reduces from N 2 to 2 × 2 × N . For studies on the Cl c Sl s stripe states, we extended the sublattice structure of f ij to l s × 2. We consider systems under the periodic-antiperiodic boundary condition.
In doped regions, the superconducting state and stripe states as well as the antiferromagnetic state are severely competing. To determine the lowest energy state among them, highly accurate results of energies are required. Therefore, we performed extrapolations of energies to the zero-variance limit [45, 66] . For this purpose, we obtained improved energies by combining the fat-tree tensor network [26] and/or performing the 1st Lanczos step. In recent studies, it has been shown [29] that for the simple Hubbard model, the energies obtained by the same procedure are comparable with those obtained by the different state-of-numerical methods [27] . Examples of the extrapolations in the present studies are shown in Fig.  S1 (L=24) . In Fig. S2 , we also present the results for different system sizes (L=18, 24, 30) to show the size dependence of the extrapolated energies. 
II. EWALD SUMMATION
Here we briefly explain how we treated the long-range part of the screened Coulomb interaction V in our Hamiltonian. In Fig. S3 , we show the ab initio screened Coulomb interaction V as a function of the relative distance r. As seen in the logarithmic plot of the inset, the long-range part decays as ∼ 1/r for large r and we determined the coefficient by fitting. Then, in our simulations of finite systems, we employed the Ewald summation [42] to include the long-range part of the screened Coulomb interaction V accurately. 
III. INTERACTION-ENERGY DRIVEN VS KINETIC-ENERGY DRIVEN IN SUPERCONDUCTIVITY
A question arises regarding the character of the observed SC state: Whether the SC state is interactionenergy driven or kinetic-energy driven.
In VMC studies [25, 67] and cluster dynamical mean-field theory (cDMFT) studies [50, 51] on the Hubbard model, it was observed that the character changes from interactionenergy driven to kinetic-energy driven at some intermediate values of U/t 1 , although there is quantitative difference in its values. To observe a similar behavior for our ab initio Hamiltonian, we calculated the energy difference between SC and normal (paramagnetic) states (condensation energy): ∆E = E Normal /N − E SC /N , ∆E kin = E kin,Normal /N −E kin,SC /N , and ∆E int = E int,Normal /N − E int,SC /N . The subscripts "kin" and "int" mean the kinetic part and interaction part of energies, respectively. The results are obtained by the mVMC method (without variance extrapolations).
We first show the results at ab initio parameters in Fig.  S4 (a) . Here, we also included the on-site interaction part ∆E U and the off-site interaction part ∆E V of ∆E int (i.e. ∆E int = ∆E U +∆E V ). From this figure, we observe that the SC state is still interaction-energy driven at ab initio parameters (U/t 1 ∼ 7.56). The main contribution of the gain of the interaction energy is clearly from the on-site part. Since for large λ, the antiferromagnetism often develops during the optimization process of the SC or normal state, we imposed the translational symmetry on |φ pair to exclude antiferromagtism and discuss the condensation energy between pure SC and normal states.
To clarify how large interactions are required for the change in the character, we next introduce a single parameter λ which rescales all the interaction term H int uniformly as λH int . The λ-dependence of the condensation energies is shown in Fig. S4 (b) . This shows that λ > 1.8 (U/t 1 > 13.6) is required for ∆E kin > 0, which is larger than the ab initio estimation. The required such a large U/t 1 is rather consistent with previous VMC studies on the Hubbard model [25, 67] . In cDMFT studies [50, 51] , it was shown that the SC state can become kinetic-energy driven at relatively small values of U/t 1 ≃ 5.5, but it occurs near half filling. To realize a kinetic-energy driven SC state for δ > 0.1, large U/t 1 (≃ 9) is still necessary [51] . In the optical experiments on cuprates, it was reported that the SC state is driven by a reduction of the kineticenergy in the underdoped region [68] , which is consistent with the cDMFT studies on the Hubbard model at large U/t [50, 51] and t-J model [69] . Although we did not ob-serve such a behavior at least at ab initio parameters, there is a subtlety in distinguishing between kinetic energy and interaction energy in the low-energy effective Hamilotonian as we discuss below [70] , and therefore care should be taken for comparisons. In more recent temperature-dependent ellipsometry measurements on Bi-based cuprates [52] , they measured the partial Coulomb energy for the wave vector q ∼ 0, motivated by the "midinfrared"(MIR) scenario [71] . They found that the behavior of the q-integrated Coulomb energy estimated based on the MIR scenario has the same trend as the total condensation energy and their changes are the same order. This implies a relevance of the Coulomb energy for the wave vector q ∼ 0 to stabilize superconductivity, although it does not exclude the possible important contribution of Coulomb energy for the wave vector q ∼ (π, π). To discuss it for the ab initio Hamiltonian, we calculated the q-resolved Coulomb interaction energy E int (q) and its energy difference ∆E int (q) = E int,Normal (q)/N − E int,SC (q)/N . Here, we define
is the Fourier transformation of the screened Coulomb interaction after the Ewald summation. The results along two directions in the Brillouin zone are shown in Fig.  S5 (a) and (b) . Although the resolution of the available data is not sufficiently fine in this tiny energy scale, we did not find indications of large contributions from small q region. However, this does not necessarily contradict the experimental observation, because their measurement is restricted to small momentum and the estimated q-integrated Coulomb energy is ∼ 0.1 meV, which is beyond the accuracy of the present numerical methods. Our results are rather consistent with a large interaction energy gain from large |q|.
IV. CONNECTION TO THE HUBBARD MODEL
Since the condensation energy for the Hg-based cuprate is as small as 0.1 meV, reproducing its value with high accuracy is beyond the ability of the present numerical approach, because our errors are typically 1 or a few meV after the variance extrapolation. However, the observed energies close between the SC state and the normal metal do not contradict experiments. Still, it is instructive to show that the observed SC state is adiabatically connected to the case where one can clearly establish the superconducting ground state with resolved positive condensation energy within the numerical accuracy. This is the case of the simple Hubbard model (with only t 1 and U ) at a specific hole density and U/t. In the Hubbard model, the SC state has been more clearly shown to be the ground state around δ ≃ 0.2 in a recent study [29] . To connect the Hubbard model at U/t 1 = 10 to the ab initio Hamiltonian, we introduce a single parameter λ which uniformly rescales all the parameter difference between the two Hamiltonians. We define λ such that λ = 0 and 1 correspond to the Hubbard model and the ab initio Hamiltonian, respectively. In Fig. S6 , we show P d and ∆E as functions of λ at δ = 0.1875 (L = 24). From P d , we see that the superconducting state at λ = 0 smoothly connects to λ = 1. In addition, ∆E is positive on the λ = 0 side. At λ = 0, the competition with stripe states was also studied in Ref [29] , and it has been shown that the energies of homogeneous states are lower than those of stripe states around δ ≃ 0.2 including δ = 0.1875. Therefore, we conclude that the SC state is the ground state at λ = 0.
V. SIZE DEPENDENCE OF STRIPE ORDERS
In Fig. 2 (a) of the main text, we showed S s (q SDW )/N and S c (q CDW )/N of stripe states. Here, we show the size dependence of them. We first show a real-space spin/charge configuration for each stripe (L = 20 for C2S4 and L = 24 for others) in Fig. S7 . In Fig. S8 , we plot the structure factors as functions of 1/L. We also include P d to show its superconductivity. The linear extrapolations to the thermodynamic limit indicate that both the spin and charge orders are long ranged. On the other hand, P d is strongly suppressed for larger systems, demonstrating the nature of competition between superconductivity and stripes. 
VI. ENERGY COMPETITION WITHOUT OFF-SITE COULOMB INTERACTIONS
To understand the role of off-site Coulomb interactions on energy competitions among different states, we here present the results of the energy competition without offsite Coulomb interactions. Figure S9 shows the variance extrapolation of energies which should be compared with Fig. S2 . The only difference is that we here switched off the off-site Coulomb interactions. As a result, the extrapolated energies become very close, and thus the SC state is more severely competing with stripe states. This shows that the off-site Coulomb interactions play the role of energetically stabilizing the SC state against stripe states. 
VII. UNIFORM CHARGE SUSCEPTIBILITY
Here we explain how we obtained the uniform charge susceptibilities χ c shown in Fig. 4 of the main text. It is defined by χ c = d n /dµ, where µ is the chemical potential. To obtain it, we first calculated total energies E at two different electron numbers N e and N ′ e . Then, we evaluated µ at the middle filling N e = (N e + N 
